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Fig. 9. Comparison of the Volterra–Gause model (for ξ = 0.964, ε = 1.1, δ1 = 0.518, δ2 = 0.415) and the Rosenzweig–
MacArthur model (for ξ = 0.1, β1 = 0.3, β2 = 0.1, δ1 = 0.1, δ2 = 0.62, ε = 0.3).
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Fig. 10. Phase portrait of the Volterra–Gause model (for ξ = 0.07, ε = 0.85, δ1 = 0.5, δ2 = 0.42).
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3.3.2. The Volterra–Gause and
Hastings–Powell models

The similarity between the Volterra–Gause model
and the Hastings–Powell model, with its famous
“up-side-down teacup” is more striking. Figures 10
and 11 show the basic teacup shape and the behav-
ior of each component x, y, z over time.

3.3.3. The Rosenzweig–MacArthur and
Hastings–Powell models

The bifurcation parameter δ1 chosen in Sec. 2.1.5
modifies the topology of the attractor of the
Rosenzweig–MacArthur model conferring on it, at
a certain value, the shape of the so-called “up-
side-down teacup” of the Hastings–Powell [1991]

Fig. 11. Comparison of the changes over time in the Volterra–Gause (for ξ = 0.07, ε = 0.85, δ1 = 0.5, δ2 = 0.42) and
Hastings–Powell models (for ξ = 1, β1 = 3, β2 = 2, δ1 = 0.4, δ2 = 0.01, ε = 1).
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Fig. 12. Transition from the Rosenzweig–MacArthur model to the Hastings–Powell [1991] model.
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Fig. 13. Transition from the Hastings–Powell model to Rosenzweig–MacArthur model.

model. We can therefore fix all the parameters
at values cited above, except for δ1. Varying the
parameter δ1 up to a value of 0.3, preserves a limit
cycle, which becomes deformed, resulting in a pas-
sage from the Rosenzweig–MacArthur model to the
Hastings–Powell model (Fig. 12).

3.3.4. The Hastings–Powell and
Rosenzweig–MacArthur

The Hastings–Powell model can also be converted
to the Rosenzweig–MacArthur model. Varying the
bifurcation parameter δ1 modifies the topology of
the attractor, conferring on it the Moebius strip
shape of the Rosenzweig–MacArthur model at a cer-
tain value. We can therefore fix all the parameters
at the values cited above, except for δ1. Variation
of the parameter δ1 up to a value of 0.1, results in a

passage from the Hastings and Powell model to the
Rosenzweig–MacArthur model (Fig. 13).

4. Discussion

In this work, we have shown certain similarities
between the three models considered. The common
features of these models, the possibility of transi-
tion from one model to another by parameter vari-
ation and the differences between these models pro-
vide biologists with alternatives in their choice of
predator–prey model.

Despite differences in their functional respo-
nses, these models present striking similarities in
the nature and number of their fixed points, and
in their dynamic behavior: existence of a limit
cycle, occurrence of Hopf bifurcation, presence of
a chaotic attractor or period doubling cascades.

Dynamical
Features Rosenzweig–MacArthur Hastings–Powell Volterra–Gause

�
�

�
Models

O(0, 0, 0) I(x̂, ŷ, 0) O(0, 0, 0) I(x̂, ŷ, 0) O(0, 0, 0) I(x̂, ŷ, 0)Equilibrium points
J(x∗, y∗, z∗) K(1, 0, 0) J(x∗, y∗, z∗) K(1, 0, 0) J(x∗, y∗, z∗) K(1, 0, 0)

Attractional sink 2 2 2
Hopf bifurcation δ1 = 0.6835 δ1 = 0.7402 δ1 = 0.7474
Chaotic attractor Moebius strip Teacup Snail shell
Period–doubling δ1 = 0.67785 b1 = 2.437 δ1 = 0.625
Slow manifold 1 1 1
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The fixed point O(0, 0, 0) presents the same
stability in all three models, with attractive eigendi-
rections according to z′z and repulsive eigendirec-
tions according to x′x. The eigendirections of point
K(1, 0, 0) are attractive according to x′x and z′z in
all three models. Points I(x̂, ŷ, 0) and J(x∗, y∗, z∗)
behave as a stable and an unstable focus, respec-
tively, with I in the xy plane and J apart from the
xy plane. These models introduce rich and complex
dynamics, for which further study is required.

It also appears to be possible, in some domains
of parameter variation, to reduce the dimension of
the models, making it possible to take into account
the influence of the external medium by means of
time-dependent coefficients.
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